The dynamical theory of x-ray spectra due to Nozieres to yield the same ND spectrum as a local potential. The ND theory of x-ray photoemission spectra is discussed and from calculations of the exponent function a(m) for several model systems closely corresponding to simple metals we conclude the equivalence of this theory and its asymptotic approximation as far as the extraction of asymmetry indices is concerned. Recent criticism of the major conclusions reached here and in previous work is refuted.
I. INTRODUCTION
The present paper is devoted to a discussion of current theories of x-ray spectra with regard to their capability of yielding quantitative predictions for experiments on simple metals. We will mainly be concerned with the overall shape of x-ray emission (SXE) and absorption (SXA) spectra but will also discuss the threshold singularities and the related line shape of x-ray photoemission (XPS) spectra from core levels.
Until very recently all quantitative calculations of x-ray spectra of metals were based on a oneparticle approach in which the x-ray transition is viewed as occurring between a core orbital and a valence Bloch state of the perfect crystal. This simple approach is known to give an accurate description of the experimental emission spectra' and if the one-particle result is also amended with a multiplicative power-law singularity and bmadened, the agreement with experiment becomes almost perfect.
Thus, the fact that there is a strong perturbing potential due to the presence of a core hole in the initial state of the emission process seems to have a very small effect on the shape of the x-ray spectrum except close to threshold. Within a one-particle approach it would have been equally justified to picture the x-ray transition as taking place between a core orbital and a valence state obtained in the one-particle potential that incorporates both the periodic solid and the screened core hole. We know now ' that such a picture results in emission spectra which have very little resemblance to experimental spectra in simple metals.
In the case of x-ray absorption spectra, which probe the unoccupied valence states, there is not such a drastic difference between the two oneparticle approaches -that neglecting the hole (the band case) and that accounting for the hole (the impurity case). Also, there exist no accurate calculations of x-ray absorption spectra in simple metals based on the impurity approach. Therefore, in these systems, there is not yet enough empirical evidence for preferring one approach over the other. In atoms, however, it is well known' that a one-particle approach will give reasonable photoabsorption cross sections only if the outgoing electron is allowed to feel the potential fmm the fully relaxed (screened) hole left behind.
Guided by the empirical facts presented above, " the present authors were led to the final-state rule ' according to which accurate emission and absorption spectra of simple metals can be ob- Q~19S& The American Physical Society tained from a simple one-particle approach provided the transition matrix elements are calculated from wave functions obtained in the potential of the final state of the x-ray process, i.e. , with the core hole in absorption and without the core hole in emission. The final-state rule also states that' even the singular behavior of the spectra near threshold can be accurately described by multiplying the one-particle result with power-law factors; one for each angular-momentum channel contributing to the spectrum. Thus, in emission, the 6nal-state rule exactly corresponds to the commonly used procedure for interpreting experimental spectra The shape of the main line in photoemission spectra from core levels is rather accurately described in terms of the one-core-hole spectral function.
As mentioned above, ND theory offers a definite prediction AND(co) for this quantity.
Since there is no valence-valence interaction in the ND theory, AND(co) does not have the correct satellite structure, e.g. , due to plasmon production, It is, however, believed ' 'IN-) . (2.20) In Appendix A we show that Fkk (t) is a product of two quantities Gkk (t,t} and g(t), Fkk'(t} tg(t)Gkk'(t t} (2.21) and that Gkk (r, t) If we now multiply the integral equation (2.22) from the left by f,k and from the right by p, 'k and sum over k and k', these definitions and the ansatz (2.25) lead to the one-dimensional integral equation Fig. 4 Fig. 9 the final-state spectrum (f ) has a very smooth structureless appearance reflecting the almost parabolic s band of sodium, whereas the initial-state spectrum (i) shows a strong s resonance towards the bottom of the band due to the presence of the core hole. There is, however, no trace of this marked structure in the resulting dynamical ND spectrum whose shape rather resembles that of the final-state spectrum only multiplied by a threshold singularity. This is demonstrated in detail by the insert showing the energy variation needed in the "constant" C in order to make Eq. (4.2) an exact relation. Thus, the deviation from the final-state rule is only 10% over half the bandwidth, again demonstrating the numerical accuracy of the final-state rule. Note that a slightly slanting C(co) will not affect the interpretation of experimental spectra in terms of the final-state rule since such an effect will probably be washed out by the background subtraction from the raw data. The curves labeled di and dz in Fig. 9 explain why it is necessary to calculate also the p contrIbution to the transition density of states (TDOS). Whereas the Initial-Rlld filial-state spec'trR Rnd Rlso tllc so-called transient Green's function G(I;I) [cf. Eqs. (2.22) and (2.26) ] are entirely determined by the TDOS of s character, the dynamical spectrum has contributions from all angular momentum and spin channels via the "overlap" function g(I) [Eq. (2.24) ]. This is due to the fact that the sum in Eq. (2.24) must be caned out over all quantum labels including Inagnetic and spin quantum numbers. The additional channels cause a reduction of the threshold exponent and of the threshold singularity. For instance, 2(5F/Ir) (5F/n)in -Eq. Figure 9 demonstrates that it is essential to include the higher angular-momentum channels in order to reduce the threshold singularity before a quanitative con1parison with experiment is made.
V. RjESUI.TS FOR XP3
The examination of the energy range over which the asymptotic power-law line shape of XPS is a close approximation to the full result of ND theory is, as noted in Sec. III, done best by inspecting the exponent function a(co) [Eq. (3.21) ]. In this way one avoids the difficult task of directly comparing two singular functions. ' lt also becomes redundant to accurately determine the normalization constant of the asymptotic theory [Eq. (3.20)] which depends on the potential in a more complicated way than simply through thc Fermi-level phase shift 5z and whose uncertainty has been a problcnl 1n pI evious Investigations.
As Fig.   10 . It is obvious from Eq. (3.22) that an a(co) which is constant over a certain range of energies away from the edge will yield a spectral function A, (co) which follows an exact power law within this range. However, any structure in a(co) will yield a corresponding structure in A, (co). In Fig.  10 we see that a(I0) indeed remains rather constant over an appreciable fraction of the occupied bandwidth. A fit to the corresponding spectral function over this range wi11 disclose a very accurate power-law behavior. The obtained exponent will be some weighted mean of a(co) over this range and the variation of u(~) will set the error bar for the extracted exponent. For energies of the order of the Fermi energy (ez --0.23 Ry) away from the edge, one notes a broad peak which is a consequence of the high probability for particle-hole excitations with an energy -ez due to the strong resonance at the bottom of the band (cf. , e.g. , Fig.  2 ), when it is calculated in the presence of the core hole. This structure has, however, only a minor effect on the spectral function, as the latter has become rather small this far from the edge. The spectral function is actually quite insensitive to variations in a(co) away from the edge. It should be noted that the phase shift of this system is larger than any value experimentally predicted or theoretically calculated for simple metals and would by itself almost exhaust Friedel's sum rule. In Fig. 11 we show exponent functions obtained fom the intergral-equation approach for a model system and five different separable core-hole potentials. The density of states was chosen to be a semielliptic band with eF at half the bandwidth.
The structure in a(co) at energies -eF away from the edge is here slightly sharper, reflecting the sharper peak in the density of states obtained in the presence of a separable core-hole potential (cf. , e. g., Fig. 2) . The overall trend, however, agrees with the result of Fig. 10 In Fig. 12 we show the exponent function a(co) for the system which we discussed at length in Sec. IV in connection with Fig. 9 In the case of a free-electron gas with a core- Langreth, Phys. Rev. 182, 973 (1969) . 44In the ND model we introduce a statically screened potential V into the free-electron gas. From perturbation theory we obtain the second-order contribution to the "relaxation" shift 6, of ND theory, 2ND=-xo(~) V(q) 2d3q/(2~)3
Here, go{g) is the static wave-vector-dependent density-response function of the free-electron gas (the Lindhart function). In a more elaborate theory me introduce a bare core-hole potential, w (r ), into the interacting electron gas. There is then a linear term which is, however, cancelled by a term describing the core-hole interacting with the positive background. The second-order contribution, A2, to the relaxation shift is given by i) t = , J X(q -)~-to( j)~' d'q/(2')', where P(q) is the static density-response function of the interacting electron gas and w(q) is the Fourier transform of w(r). In linear Hartree theory we have V= w/e and +=go/e giving &2= --, JXO(g)~V(g)~' (eg) d' /q( 2o)', where e(q) is the static dielectric function. Thus, the ND result h2 is clearly different from the correct result h2. This is a deficiency of the ND theory which need not concern us here, since we are only interested
